Significant change of wellbore and surrounding formation temperatures during the whole drilling process for oil and gas resources often leads by annulus fluid fluxes into formation and may pose a threat to operational security of drilling and completion process. Based on energy exchange mechanisms of wellbore and formation systems during circulation and shut-in stages under lost circulation conditions, a set of partial differential equations were developed to account for the transient heat exchange process between wellbore and formation. A finite difference method was used to solve the transient heat transfer models, which enables the wellbore and formation temperature profiles to be accurately predicted. Moreover, heat exchange generated by heat convection due to circulation losses to the rock surrounding a well was also considered in the mathematical model. The results indicated that the lost circulation zone and the casing programme had significant effects on the temperature distributions of wellbore and formation. The disturbance distance of formation temperature was influenced by circulation and shut-in stages. A comparative perfection theoretical basis for temperature distribution of wellbore-formation system in a deep well drilling was developed in presence of lost circulation.
Introduction
Annulus fluid fluxed into formation usually in presence of lost circulation problem occurs in oil-gas and geothermal wells during the drilling stage with increasing well depth, thus resulting in continuous variation of the temperature of wellbore (inside drilling string fluid, drilling pipe, and annulus) and surrounding formation (casing, cement sheath, static drilling fluid, and rock). Moreover, the determination of transient temperature distributions in and around oil-gas well under circulation and shut-in conditions is a complex task because of the occurrence of lost circulation due to the change of drilling fluid flow state and formation property [1] [2] [3] . Therefore, it is important to obtain the accurate temperature distributions of wellbore and formation under lost circulation conditions, which can develop the adequate drilling style and design the excellent property of drilling fluids and cement slurries [4, 5] .
A reliable and accurate estimation of such temperature distribution requires a complete dynamic thermal study related to the drilling fluid flow in and around the wellbore, which includes a set of numerical models as well as boundary and initial conditions. At present, the estimation temperature method in and around oil-gas well is mainly classified into two classes. One deals with using classical analytical methods based on conductive heat flow in cylindrical coordinate [6] [7] [8] [9] [10] [11] , exclusive of conductive-convective heat flow method [12] and the spherical and radial heat flow method [13] . These models have been considered as excellent methods in many applications due to their simplicity, whereas the formation temperature obtained by these methods is normally lower than the initial temperature [14] . The other class attempts to describe the transient heat transfer processes using numerical models based on the energy balance principle in each region of a well during circulation and shut-in stages [15] [16] [17] [18] [19] .
Mathematical Problems in Engineering
The previous estimation methods are mainly focused on studying the wellbore and formation temperatures under no lost circulation condition. That is to say, these methods cannot accurately estimate the wellbore and formation temperatures in presence of lost circulation. Recently, with regard to this, only a few studies involved several aspects for estimating the temperatures of fluid and formation when lost circulation is being [20] [21] [22] . However, those studies have little attention on studying the heat exchanged mechanism and law between wellbore and formation under lost circulation conditions by the numerical model. Therefore, in this work, the development of transient heat transfer model for estimation of wellbore and formation temperatures in oil-gas wells during circulation and shutin stages under lost circulation condition are presented. Here, the well-formation interface is considered as a porous medium through which fluid lost by circulation [23] . Moreover, to deeply analyze lost circulation process for radial heat transfer equation, the model also takes the radial fluid motion and the radial heat flow from annulus to formation into consideration. Thereby, under lost circulation, the comprehensive model is applied to estimate each heat transfer region in a well according to the actual data of well drilling.
Physical Model
The physical model of lost circulation during circulation stage is shown in Figure 1 . The process of circulation is considered as three distinct phases: (1) fluid enters the drill pipe with a specified temperature ( in ) at the surface and passes down with flow velocity V 1 in the direction; (2) fluid exits the drill pipe through the bit and enters the annulus at the bottom; (3) fluid passes up the annulus with flow velocity V 3 and exits the annulus with a specified temperature ( out ) at the surface [15, 18] . If lost circulation is being in a certain formation, drilling fluid would be flown into surrounding formation so that it becomes hard to precisely define the temperature profile of a well. Therefore, to simulate thermal behavior of fluid during the circulation process, it is necessary to develop a set of partial differential equations under the actual casing program and drill string assembly conditions, which is illustrated in Figure 1 . Mass and energy conservation is considered as incompressible flow in the axial ( ) and radial ( ) directions. Meanwhile, the effect factors of boundary conditions among each control unite are taken into account in the solving model. During the circulation stage, the fluid passes down the pipe in the direction, and its temperature distribution is determined by the rate of heat convection down the drilling pipe and heat exchange with the metallic pipe wall. At the bottom, the fluid temperature at the outlet of the drill pipe is the same as the fluid temperature at the entrance of the annulus, and then the fluid keeps on flowing up in the annulus. Similarly, the annulus fluid temperature is determined by the rate of heat convection up the annulus, the rate of heat exchange between the annulus and drill pipe wall, and the rate of heat exchange between the wall of the well and annulus fluid [23] . Meanwhile, well depth and flow rate of lost circulation have great effects on annulus temperature. In addition, fluid friction, rotational energy, and drill bit energy also have significant influence on the overall energy balance of the wellbore [24] . During shut-in stage, above the lost depth, all wellbore fluid will flow into formation. Therefore, the temperatures in the wellbore which are decided by fluid flow state depend upon a number of different thermal processes involving conductive and convective mechanisms in different sections of well. When wellbore fluid is in flowing state, the fluid temperatures of inside drill string and annulus are strong dependent upon the rate of lost circulation in heat convection way; if all of wellbore fluid above the loss depth flow into formation, the heat exchange between wellbore and formation is only in a conduction way.
Mathematical Model

Assumption Conditions.
The mathematical model consisted of a set of partial differential equations used to describe the temperatures of wellbore and formation. The fundamental assumptions of numerical model include the following.
(i) Each control unit of wellbore and formation system is cylindrical geometry.
(ii) The physical properties of the formation, cement, and metal pipe are constant with the change of depths [5] . The parameters include thermal conductivity, density, heat capacity, and viscosity.
(iii) The radial temperature gradient within the fluid may be neglected.
(iv) The heat conduction equation through surrounding wellbore is solved by using a two-dimensional transient axial-symmetric temperature distribution.
(v) Viscous dissipation and thermal expansion effects are neglected.
Under these conditions, the governing equations and initial and boundary conditions for each region are as follows.
Mathematical Formulation
Transient Heat Transfer during Circulation Stage
(1) Inside the Drilling String. The numerical model which can calculate the temperature distribution of inside drilling string is complemented by the following three considerations: (1) the inlet fluid temperature is the boundary condition of the model; (2) the flow velocity of fluid in the direction is also defined by mass flow rate; and (3) heat generated by fluid fraction. Therefore, based on energy conservation principle, the model is expressed as follows:
Entrance fluid T in The boundary condition between fluid and inner wall of drill string is written as follows:
where 1 , 2 are the temperatures of inside drilling string fluid and drilling string wall, respectively; is the energy source term of unit length inside the drilling string; 1 is the density of drilling fluid; is the flow rate of inside drill string; 1 is the specific heat capacity of drilling fluid; 1 is the radius of inside drill string; 2 is the thermal conductivity of drill string; and ℎ 1 is the convection coefficient of inside drilling string wall.
(2) Drill String Wall. The formulation calculates the temperature distribution of drill string wall, and the conditions here are defined by the three sections: (1) the mass flow rate of fluid in the inside drill string and annulus; (2) the vertical conduction of heat in the drill pipe; and (3) the radial exchange of heat between the drill pipe and the fluid inside and outside the string. The numerical model of the drill string wall is given as follows:
The boundary condition influenced the temperature distribution of drill string wall includes two parts: one is the heat exchange between fluid of inside drill string and drill string, which is expressed by (2) , and the other is heat exchange between annulus and the drill string which is written as
where 3 is the temperature of annulus fluid; 2 is the density of drill string wall; 2 is the specific heat capacity of drill string; 2 is the outer radius of drill string; 2 is the thermal conductivity of drill string; and ℎ 2 is the convection coefficient of outer drilling string wall.
(3) In the Annulus. The factors that influenced the annulus temperature are consisted of three sections: (1) the mass flow rate of fluid; (2) the temperature distributions of drill string and wellbore walls; and (3) heat generated by fluid fraction and drilling string rotation. The transient heat transfer model in the annulus is expressed as follows:
The interface between annulus and wellbore wall is important since it mathematically couples the surrounding formation with the flow in the annulus. Therefore, to guarantee continuity of heat flux during circulation and shut-in condition, the boundary conditions are
where 4 is the interface temperature between annulus fluid and borehole wall; is the energy source term of unit length inside annulus; is the flow rate of annulus; 3 is the radius of borehole wall; 3 is the thermal conductivity of annulus fluid; effective thermal conductivity ef considers the effect of porosity; ℎ 3 is the convection coefficient of borehole wall; ℎ ef is the effective heat transfer coefficient which considers the effect porosity.
(4) Each Heat Transfer Region in Surrounding
Wellbore. The effect of factor on heat exchange for the surrounding wellbore includes four sections: (1) the vertical conduction of heat in the medium; (2) the rate of heat exchange among volume elements; and (3) the rate of heat exchange for formation fluid which can flow in the porous medium. The energy balance in each heat transfer medium is
where
The mathematical formulation for the hydrodynamic model of rock formation is based on one-dimensional volume-averaging equations that govern the hydrodynamic phenomena of an incompressible fluid across an isotropic porous medium [22] , which are represented as follows:
where is different unit temperature of porous medium in the formation; is the radius of porous medium in the formation; the magnitude of is decided by casing program ( ≥ 4); is an effective porosity of formation; and represent rock and pore fluid, respectively; V is the radial flow velocity; fu is formation fluid mass flow to annulus; is the drilling fluid of mass flow; is the lateral flow area; is the dynamic viscosity; is the intrinsic average pressure; is the absolute permeability of the isotropic porous medium;̃is the mass source term; and is the relative permeability.
Transient Heat Transfer during Shut-In Stage.
During stop circulation stage, the heat exchange method can be classified into two ways, which is dependent on the interface between gas and liquid. Therefore, combined with the study of heat exchange mechanism between wellbore and formation during fluid circulation stage and energy and mass conservation principles, the description of heat exchange types during shut-in stage is presented by a set of partial difference equations.
(1) In the Drill String
(1) The transient heat transfer model of above interface between gas and liquid and below lost formation is expressed as
(2) The transient heat transfer model of below interface between gas and liquid and above lost formation is described as
The transient heat transfer model of above interface between gas and liquid and below lost formation is expressed as
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(3) In the Annulus
where the meaning parameters of the shut-in stage defined from (10) to (15) are the same as that of circulation stage. The form of transient numerical model for each heat transfer region surrounding wellbore during shut-in stage is also the same as (7).
Numerical Solutions
To obtain the temperature distribution on the term of time, the solution of these equations is complicated. Developed models incorporate solution methods which are based on finite difference techniques. The wellbore and the adjacent formation are represented by a two-dimensional, mesh grid including a number of radial elements due to casing program and a variable number of vertical elements depending on the well depth. Each of radial elements corresponds to different portion of the wellbore cross-section from inside drill string into the formation [21] . Therefore, a set of partial differential equations can be presented as finite difference form using finite differences technique for each element of grid so as to describe the transient heat exchange in each element for an implicit form [25] . A set of nonlinear algebraic equations are then solved using an iterative method until the error range can be accepted. The case of finite difference can be defined as follows. The spatial derivatives and the time derivatives are the first-order as exhibited in (16):
The second-order spatial derivatives are represented by three-point central difference approximations [26, 27] :
The time discretization at node is expressed in
Application of earlier definitions enables the equation for each node to be written in single generalized vector form:
The matrix form of finite difference for each node is given:
The finite difference equations are solved by fast successive overrelaxation (SOR) iteration method; the following general form for each node is expressed as follows:
Using implicit form of finite difference method, (1) and (2) are, respectively, shown as follows: where is the variable temperature; Δ is the step increment in the space coordinate; is the time node; indicates the node number in the direction; is the node number in the direction; , , , , and are the matrices of coefficients; SOR is the Gauss-Seidel iterative method if is equal to 1 in (21); the SOR is overrelaxation method if is more than 1; SOR is under relaxation method if is less than 1.
The calculation accuracy depends on the meshing elements and the size of the interval values. In general, it is observed that the vertical element size is less than 3% of the total well depth to ensure that the annulus temperature profile remains independent of the vertical element size [6] .
Model Solution Procedure
Basic Data.
The basic data of calculation in this study are the referenced literatures reports [6] , which are shown in Tables 1, 2 , and 3. The flow rate and depth of lost circulation are assumed as 4.0 l/s and 3500 m, respectively.
Numerical Model Application
Example Analysis in Circulation Operation Condition.
As shown in Figure 2 , the annulus temperature distributions as a function of depth at different circulation time under no lost circulation conditions are presented. As intermediate casing depth is 3000 m (Table 1) annulus heat quantity is gradually carried to surface with the increase of the circulation time and thus results in the decrease of annulus temperature of open-hole section [18] . The relationship between outlet temperature and circulation time under lost circulation condition is also investigated. As shown in Figure 3 , the outlet temperature rapidly decreases within the initial circulation (0.5 h) and then gradually increases during the latter circulation. One plausible explanation is that more heat quantity is carried to well mouth at initial circulation compared to that at latter circulation and thus leads to the wellbore wall of well mouth heat.
Under lost circulation conditions, the effect of alterations in circulation time on the annulus temperature distribution is shown in Figure 4 . It is found that the annulus temperature of open-hole section continuously decreases as the increase of the circulation time. Additionally, the closer the bottom hole is, the less decrease the temperature will be, which is in accordance with the result of Figure 2 . Meanwhile, the annulus temperature profiles of circulation 5 h and 10 h are both lower than the formation temperature below 1500 m. Compared to Figure 2 , Figure 4 indicates that the annulus temperature of cement section decreases under lost circulation conditions. The reason is that the annulus fluid temperature at 3500 m is higher than that of annulus fluid at any depth of cement section. Herein, heat quantity of annulus fluid at 3500 m flows into the formation increased, which can result in the decrease of the annulus temperature. Similarly, Figure 5 also reflects the formation radial temperature distributions of lost depth and bottom hole under different circulation time. Noticeably, the formation radial temperature decreases with the increase of the circulation time, whereas the decrease of the surrounding formation temperature at lost depth is less than that of at bottom hole during the latter circulation. The surrounding formation is continuously heated by annulus fluid at lost depth during initial circulation stage and then leads to its temperature rise beyond its initial formation temperature as shown in Figure 5 (circulation 1 h). Meanwhile, the annulus temperature is lower than formation temperature after long circulation time and thus leads to formation temperature decrease. However, the formation is continuously cooled by circulation fluid at bottom hole and then leads to the temperature of the surrounding formation decrease below the initial formation temperature.
To get a deep insight of the heat transfer mechanism for wellbore during the circulation stage, the temperature difference distribution between annulus and inside pipe fluid under different circulation time is studied. As shown in Figure 6 , the temperature difference remarkably decreases from bottom-hole to casing shoe with increasing the circulation time. Meanwhile, the temperature difference changes 8 Mathematical Problems in Engineering at the lost circulation point. Additionally, the annulus temperature is higher than the inside pipe fluid temperature in the wellbore except for well mouth section during the whole circulation stage. Figure 7 , the temperature of well mouth continuously decreases during the whole shut-in stage. The result of Figure 3 shows that the outlet temperature increases during the latter circulation, resulting in surrounding formation continuously heated. However, during shut-in stage, as gas is instead of fluid at well mouth, heat exchange between wellbore and formation is less due to heat conductivity of gas. Therefore, the temperature of well mouth gradually decreases with shut-in time increased.
Example Analysis in Shut Condition. As shown in
As it is seen from Figure 8 , the annulus temperature continuously increases with the increase of shut-in time when the well depth is beyond casing shoe, whereas the annulus temperature hardly varies when the well depth is above the casing shoe point. It spends about 8.5 h on all fluids of inside pipe and annulus above lost depth flows into formation. Therefore, the heat exchange between the wellbore and formation by heat conduction is more than that of heat convection during 8.5 h of shut-in. After that, the formation energy fluxes into annulus in the heat conduction way as wellbore fluid is in the static state beyond 8.5 h, thus resulting in the improvement of temperature. Furthermore, the temperature eventually increases to be equal to the formation temperature. However, when the temperature is above the lost depth, annulus energy which arose from formation is nearly equal to that of the annulus gas transferring to the surrounding formation and the inside pipe drilling fluid by the heat convective way, which leads to the temperature hard change. Figure 9 indicates that the radial formation temperature decreases with increasing the shut-in time at lost circulation depth and bottom hole, and both of them are lower than that of initial temperature. However, the radial formation temperature at lost depth slowly decreases with the increase of the shut-in time, and temperature change at the bottom hole is larger than that of at lost depth. The reasonable explanation is that the temperature difference between annulus and formation at bottom hole is larger than that of at lost circulation point during circulation stage. Compared to Figure 5 , it is surprising that Figure 9 implies that the formation temperature disturbance distance in shut-in stage is larger than that of circulation stage. It is derived from that the starting point of disturbance distance for radial formation temperature is at well wall during the circulation stage, but the starting point of disturbance distance is at inside formation during the shut-in stage which is the destination point of disturbance distance for circulation stage.
As shown in Figure 10 , the annulus temperature from top hole (500 m) to bottom hole is higher than the inside Mathematical Problems in Engineering pipe temperature during the whole shut-in stage, and only the temperature difference between annulus and inside pipe from well mouth to the depth of 500 m is negative value. Furthermore, the temperature difference between annulus and inside pipe gradually decreases with increasing shut-in time and then trends to thermodynamic equilibrium state. From Figure 10 , it is observed that the temperature difference between annulus and inside pipe is greatly influenced by the lost depth, make up of string, and casing program. As shown in Figures 11 and 12 , annulus temperature changes of lost depth and bottom hole are related to the circulation and the shut-in stages. It can be seen that the annulus temperature rapidly decreases during the initial circulation stage and slowly varies in the latter circulation and shut-in stage, followed by the change of annulus temperature showing the same tendency under the two conditions earlier. Meanwhile, the annulus temperatures at initial circulation stage are both higher than that of the initial formation temperature at lost depth and bottom hole, and then both of them are lower than initial formation temperature during latter circulation and shut-in stages. However, before wellbore fluid above the lost depth flows into formation (8.5 h), it is interestingly noted that the annulus temperature gradually increases with the increase of shut-in time at lost depth by heat convection, followed by quickly decreasing, and then slowly increases at bottom hole by heat conduction. Figures  11 and 12 also show that if the annulus temperature after circulation recovers to the initial formation temperature, shut-in time can be longer than that of circulation time [28] . The phenomenon accounts for the reason why long time for shut-in is needed to obtain initial formation temperature.
Discussion
To demonstrate the applicability of the methodology developed in this work, the OM-16C geothermal well was considered. This well is in Kenya, which was drilled with borehole diameters of 26, 17.5, 12.25, and 8.5 in. The casing has 20, 13.375, 9.625, and 7 in diameters at 60, 300, 750, and 2680 m depths, respectively. Temperatures in and around the OM-16C geothermal well during circulation and shut-in stages were estimated by the transient heat transfer models. The Horner (Dowdle and Cobb, 1975) and Hasan and Kabir (1994) methods were used to compare our numerical results [6, 12] .
The input data to simulate the geothermal well are drilling fluid flow rate of 125.3 m 3 /h, surface temperature of 21.6 ∘ C, and drilling fluid properties which include the thermal conductivity of 0.85 W/m⋅ ∘ C, the density of 1100 kg/m 3 , the viscosity of 0.052 Pa.s, and specific heat of 1200 J/kg. ∘ C. Circulation time was 16 h.
A compilation of main results obtained in these thermal studies was presented in Figure 13 . We reckoned that the logged temperature of shut-in 27 days was approximately equal to the static formation temperature (SFT) due to thermal recovery conditions during the long time shut-in. As shown in Figure 13 , it can be observed that the measured temperature was satisfactorily matched with the simulated temperature (continuous line). Figure 13 also showed the SFT calculated by means of Horner (Dowdle and Cobb, 1975) and Hasan and Kabir (1994) methods [6, 12] . Obviously, as shown in Figure 13 , the Hasan-Kabir method is closer to the SFT compared to the Horner method. Differences between the computed data (or simulated 27 days) and measured values were estimated and expressed as a percentage deviation based on the result of Figure 13 , and the percentage deviation between the simulated SFT and analytical methods as also computed from Figure 13 . It can be observed the maximum deviation between measured and simulated data is 3.1% and minimum deviation is 2.24%, which corresponded to the control error in engineering. The best approximation to the simulated SFT values corresponded to the Hasan-Kabir, which presented minimum differences of 3.50%, 4.12%, and 4.08%. Therefore, the simulated SFT method in this work is better than that of the analytical methods (Horner and Hasan and Kabir).
Conclusions
In this study, a set of numerical models have been developed to study the transient heat transfer processes which occurs in oil-gas or geothermal well during circulation and shutin stages under lost circulation conditions. The equations properly account for the energy conservation in each region of a well, and mass balances are performed at any numerical node where annulus fluid fluxes into formation. Heat transfer coefficients and thermophysical properties (gas instead of fluid) in the annulus and the surrounding formation change due to lost circulation. Simulation results show that the temperature distributing characters of the wellbore and surrounding formation are remarkably influenced by the lost depth and casing program during the whole circulation and shut-in stage. Additionally, the disturbance distance of formation temperature at shut-in stage is larger than that of at circulation stage at the same time. Moreover, it is necessary to prolong shut-in time than circulation time in order to obtain accurate initial formation temperature. The present work can provide a new way to improve the present methodology.
